We report absolute frequency measurements of 81 hyperfine components of the rovibrational transitions of molecular iodine at 578 nm using the second harmonic generation of an 1156-nm external-cavity diode laser and a fiber-based optical frequency comb. The relative uncertainties of the measured absolute frequencies are typically 1.4 × 10 −11 . Accurate hyperfine constants of four rovibrational transitions are obtained by fitting the measured hyperfine splittings to a four-term effective Hamiltonian including the electric quadrupole, spinrotation, tensor spin-spin, and scalar spin-spin interactions. The observed transitions can be good frequency references at 578 nm, and are especially useful for research using atomic ytterbium since the transitions are close to the 1 S 0 − 3 P 0 clock transition of ytterbium.
Introduction
The precision spectroscopy of molecular iodine (I 2 ) is important for many applications, e.g., optical frequency metrology, optical communications, and studies in atomic and molecular physics. Many lasers that are stabilized to hyperfine components of the rovibrational transitions of I 2 are recommended as frequency standards by the Comité International des Poids et Mesures (CIPM) [1, 2] . Several groups have measured hyperfine components near 532 nm using a frequency-doubled Nd:YAG laser at 1064 nm with improving precision [3] [4] [5] [6] [7] , since I 2 -stabilized Nd:YAG lasers at 532 nm have shown very high frequency stability [8] [9] [10] . Hyperfine components at 660 nm have been measured using a frequency-doubled Nd:YAG laser at 1319 nm [11] . A frequency-doubled Nd:YAG laser at 1123 nm has been used to measure hyperfine components at 561 nm [12] . More recently, a frequency-doubled diode laser at 1097 nm has been utilized to measure hyperfine components at 548 nm [13] .
Iodine absorption lines at 578 nm are near the 1 S 0 − 3 P 0 clock transition of atomic ytterbium (Yb) [14] . Therefore, these iodine lines can be frequency references for Yb atom research, e.g., the development of an Yb optical lattice clock [15] [16] [17] [18] , and for some proposed experiments for quantum simulation [19, 20] and quantum information processing [21, 22] . These frequency references at 578 nm using a simple iodine cell are helpful as regards finding the very weak clock transition in Yb, especially for laboratories where no optical frequency combs are available. Frequency gaps between the clock transition and the iodine lines can be bridged using a high-finesse cavity [23] or sideband generation using an electro-optics modulator (EOM). In previous experiments [14] , we have measured the absolute frequency of the a 1 hyperfine component of the R(37)16 − 1 rovibrational transition at 578 nm. Our measured frequency has recently been used for the spectroscopy of Bose-Einstein condensates of Yb using the clock transition [23] . To the best of our knowledge, however, there have been no reports on the absolute frequencies of other 578-nm lines of I 2 . This paper presents absolute frequency measurements of 81 hyperfine components of four rovibrational transitions, namely the R(37)16 − 1, P (33)16 − 1, R(101)17 − 1, and P (131)18 − 1 transitions. Since it is difficult to generate a yellow light near 578 nm directly using solid-state lasers or diode lasers, dye lasers have usually been used for spectroscopy experiments in this wavelength region [24] . As an alternative, we previously developed a 578-nm light source for an Yb optical lattice clock using the sum frequency generation (SFG) of a 1319-nm Nd:YAG laser and a 1030-nm Yb:YAG laser [14, 25] . Another way to generate a 578-nm light is to employ the second harmonic generation (SHG) of a diode laser at 1156 nm [26] [27] [28] . The linewidth of a diode laser, e.g., an external-cavity diode laser (ECDL), is usually several hundred kilohertz, whereas that of the above SFG light source is several kilohertz [14, 25] . Nevertheless, the diode-laser-based SHG scheme is attractive due to its simplicity and compactness, and thus is employed in the present work. We investigate the frequency stability and the systematic frequency shifts of an I 2 -stabilized SHG light source.
A theoretical fit of the measured hyperfine splittings of I 2 provides the hyperfine constants of I 2 . The obtained hyperfine constants are important for improving or deriving formulas for the hyperfine constants of different rovibrational transitions. For example, the high frequency stability of an I 2 -stabilized Nd:YAG laser near 532 nm has made it possible to perform precision measurements of hyperfine splittings and made an accurate determination of the hyperfine constants. These studies have revealed the rotation dependence of electric quadrupole hyperfine constants [29, 30] , and the vibration dependence of tensor spin-spin and scalar spin-spin hyperfine constants [31] . Here we deduce the hyperfine constants of the observed four rovibrational transitions at 578 nm by employing a similar theoretical fit. Figure 1 is a schematic diagram of the experimental setup. The SHG light source at 578 nm consisted of a Littrow-type ECDL at 1156 nm using an InAs quantum dot laser (Innolume GmbH, GC-1156-TO-200) and a waveguide periodically poled lithium niobate (PPLN) crystal, which was manufactured by NTT Electronics. Two cylindrical lenses were used to circularize the output beam of the ECDL. This beam was allowed to pass through two optical isolators with an isolation of 76 dB and was then led into the PPLN via a polarizationmaintaining (PM) fiber. This isolation was needed, since the reflected light from the fiber end made the laser frequency unstable. The generated SHG light at 578 nm with a power of 12 mW was collimated by a lens and separated from the fundamental light at 1156 nm using two dichroic mirrors.
Experimental setup
A half-wave plate (λ/2) and a polarization beam splitter (PBS1, see Fig. 1 ) were used to separate the 578-nm beam into two parts. A 2-3 mW portion of this beam was sent to an optical frequency comb via a single-mode (SM) fiber, while the other portion was sent to the subDoppler iodine spectrometer described below. The frequency comb was based on a mode-locked erbium-doped fiber laser operated at a repetition rate of 123 MHz [32] [33] [34] , which was self-referenced [35] and phase locked to a hydrogen maser (H maser). The frequency of the Hmaser was calibrated against the Coordinated Universal Time of the National Metrology Institute of Japan (UTC(NMIJ)). A heterodyne beat note was detected be-tween the 578-nm light and an SHG comb component, which was generated by passing the fundamental comb components through a waveguide PPLN.
The sub-Doppler spectroscopy of I 2 was carried out based on the modulation transfer technique of saturation spectroscopy [4, 14] . One of the major advantages of this technique is that it provides a nearly flat baseline of an observed spectrum. A λ/2 plate and another polarization beam splitter (PBS2, see Fig. 1 ) were introduced to adjust the power ratio of the pump and probe beams. The pump beam was frequency shifted by 80 MHz using an acousto-optic modulator (AOM) and phase modulated by an EOM at a modulation frequency of 354 kHz. The AOM was introduced to prevent interferometric baseline problems in the iodine spectrometer. The pump and probe beams were overlapped anticollinearly in a 45-cm-long iodine cell. The powers of the pump and probe beams were both P pump = 4.8 mW and P probe = 0.5 mW, respectively. The diameters of the two beams inside the cell were d ∼ 1.5 mm. The coldfinger temperature of the iodine cell was held at T = −2 • C, corresponding to an iodine pressure of p = 3.3 Pa. The unmodulated probe beam developed sidebands inside the cell by a four-wave mixing process when saturation occurred. The probe beam was separated from the pump beam by a third polarization beam splitter (PBS3, see Fig. 1 ) and detected by a photo detector. The modulation transfer signal was obtained by demodulating the signal from the detector. This signal was fed back to the piezoelectric transducer (PZT) of the ECDL through a servo system for frequency stabilization. When the ground state of molecular iodine has an odd rotational quantum number, the rovibrational energy level is split into 21 sublevels, which results in 21 hyperfine components. In the observed R(37)16 − 1 and P (33)16 − 1 transitions (see Figs. 2 and 3 ), all the 21 components were isolated from each other. In the R(101)17 − 1 transition (see Fig. 4 ), the a 5 and a 6 components were overlapped. The two weak lines in Fig. 4 belong to the P (131)18 − 1 transition. The a 3 component of the P (131)18 − 1 transition could not be clearly assigned from the spectrum in Fig. 5 . This is considered to be due to the fact that this component overlaps the a 15 component of the R(101)17 − 1 transition (see Sect. 4). The signal-to-noise (SN) ratio of e.g., the a 4 component of the R(37)16 − 1 transition was about 100 in a bandwidth of 10 Hz. The spectral linewidth of this transition was approximately 1 MHz. The SN ratio and the spectral linewidth are similar to those of our previous experiment [14] . The frequency stability is estimated to be 10 kHz for a 0.1-s averaging time from the SN ratio and the linewidth. This corresponds to a fractional frequency stability of 2×10 −11 at a 0.1-s averaging time. 
3.B. Frequency stability
The observed modulation transfer signals were used for frequency stabilization. Figure 6 shows the Allan standard deviation calculated from the measured beat frequency between the 578-nm SHG light source stabilized to the a 4 component of the R(37)16-1 transition and the optical frequency comb locked on the H-maser (solid red dots). The frequency counter used in the measurement was a Π-type counter [36] with zero dead time.
The observed stability of the beat frequency was mainly limited by the iodine-stabilized SHG light source, because the Allan deviation of UTC(NMIJ) starts from the 10 −13 level at 1 s [32] . The frequency stability of the SHG light source was 2.5 × 10 −12 at an averaging time of τ = 1 s, and reached 2.5 × 10 −13 at τ = 70 s. The long-term stability for τ > 70 s was limited by a flicker floor at 2.5 × 10 −13 . At τ = 1 s, the stability is basically determined by the SN ratio and the spectral linewidth. Assuming the 1/τ 1/2 slope, the observed stability is comparable to the estimated frequency stability for the R(37)16 − 1 : a 4 transition (see Sect. 3.A). For comparison, the Allan deviation of our solid-statelaser-based SFG light source (see Sect. 1) [14] locked on the same R(37)16 − 1 : a 4 transition is also shown in Fig. 6 (solid blue triangles) . The frequency stability of the present SHG light source was nearly identical to that of the previous SFG light source. This is because the spectral linewidth (∼1 MHz), which determines the frequency stability, is not mainly contributed from the linewidth of the ECDL, but from pressure and power . Allan standard deviation calculated from the measured beat frequency between the I2-stabilized SHG light at 578 nm and the optical frequency comb stabilized to the Hmaser (solid red dots). For comparison, the Allan deviation calculated from the measured beat frequency between the I2-stabilized SFG light at 578 nm [14] and the frequency comb stabilized to the H-maser is also shown (solid blue triangles). Both the SHG and SFG light sources were locked on the a4 component of the R(37)16 − 1 transition. broadening effects.
3.C. Absolute frequency measurements
Since the frequency comb is reference to UTC(NMIJ), i.e., the national frequency standard, the absolute frequency of the I 2 -stabilized SHG light source is calculated from the results of the beat measurement. Figure 7 shows the results of ten measurements for the a 1 component of the R(37)16 − 1 transition obtained over several weeks. During the ten measurements, we repeated the process of locking and unlocking the laser. The servo electronics offset, i.e., a dc voltage offset between the baseline of the spectrum and the lock point, was adjusted to < 1 mV to avoid the offset in the laser frequency. Each measurement in Fig. 7 was calculated from about 1000 beat frequency data, where each frequency datum was measured by a frequency counter with a gate time of 1 s. The uncertainty bar in this figure was given by the Allan deviation at the longest averaging time. The average of the ten measured frequencies in Fig. 7 was 518 304 551 818.6 kHz. The standard deviation of the ten measured frequencies was 1.3 kHz, which indicates the repeatability of our measurement. The repeatability is considered to be limited by the long-term frequency drift. The accuracy of UTC(NMIJ) was confirmed to be better than 1 × 10 −13 , corresponding to an absolute uncertainty of 0.05 kHz in the iodine transition frequency.
Several systematic frequency shifts of the I 2 -stabilized SHG light source were investigated. Figure 8 shows the measured pressure shift of the SHG light source locked on the R(37)16 − 1 : a 1 transition. The measured slope of the pressure shift was −7.7 kHz/Pa. The stability of the cold-finger temperature was better than 10 mK. However, it is difficult to determine the temperature of the solid-state iodine in the cold finger, which determines the iodine pressure, since there is a temperature slope between the solid-state iodine and the temperature sensor [9] . We set the uncertainty in the determination of the temperature of the solid-state iodine at < 0.5 K. This corresponds to a pressure uncertainty of < 0.08 Pa, which results in a frequency uncertainty of < 0.6 kHz. Figure 9 shows the measured power shift of the SHG light source locked on the R(37)16 − 1 : a 1 transition. The measured slope of the power shift was −0.8 kHz/mW. The uncertainty in the determination of the laser power was conservatively estimated to be < 10%. This gives rise to a frequency uncertainty of < 0.4 kHz. The misalignment of the pump and probe beams induces a frequency shift [9] . We checked this effect by varying the pointing direction of the pump beam between ∆θ = 0 and 3 mrad. No significant frequency shifts were observed until ∆θ ∼ 3 mrad. This indicates that the frequency shift caused by possible misalignment of the pump and probe beams during the measurements is negligibly small. Our previous experiments [9] have shown that a frequency shift is caused by modulation phase adjustment, i.e., the adjustment of a phase shifter (see Fig. 1 ), which shifts the phase between the modulation applied to the pump beam and a local oscillation port of a demodulation device, and the uncertainty resulting from this effect is < 0.35 kHz. Here we conservatively set the uncertainty resulting from the modulation phase adjustment at < 0.5 kHz. Contamination in the iodine cell causes a frequency shift. International comparisons have shown that this effect can add an uncertainty of 5 kHz to measurement results [4] . The investigated systematic frequency shifts of the I 2 -stabilized light source and their uncertainties are sum- marized in Table 1 . However, as discussed in Sect. 5, there may be some unknown systematic uncertainty facts in the experiment. The total uncertainty of the measured absolute frequencies is estimated in Sect. 5. To measure the hyperfine splittings, the SHG light source was stabilized in succession to all the observed hyperfine components of the four rovibrational transitions (see Figs. 2, 3, 4, and 5 ). An absolute frequency measurement was carried out for each hyperfine component. Table 2 shows the measured absolute frequency of 3.C).
3.D. Measurements of hyperfine splittings

Theoretical analysis
The measured hyperfine splittings were used to determine the hyperfine constants of the four observed transitions. The hyperfine interactions of I 2 can be described by an effective Hamiltonian H HFS [37] ,
where H EQ , H SR , H TSS , and H SSS respectively, represent the electric quadrupole, spin-rotation, tensor spinspin, and scalar spin-spin interactions, and eQq, C, d, and δ denote the corresponding hyperfine constants for each of those interactions. This four-term effective Hamiltonian has been widely used to analyze experimental hyperfine spectra of I 2 . We calculated the eigenstates of the Hamiltonian based on the procedure described by Bordé et al [37] . To include the effect of the couplings between different rotational states induced by the electric quadrupole interactions, we used a basis set containing not only the rotational state J but also the states J ± 2 and J ±4. In this calculation, the rotational Hamiltonian
was introduced, where I denotes the total nuclear spin and F the total angular momentum. The rotational constants B, D, and H were taken from Ref. [38] . Since the selection rules of the main transitions between the ground and excited states are strict (∆F = ∆J, ∆J = ±1), the hyperfine splitting patterns are similar to those of the ground or excited states, except that the splittings are scaled by the differences between the hy- perfine constants in the ground and excited states, i.e., ∆eQq = eQq − eQq ,
By theoretically fitting the observed hyperfine spectra, we can obtain accurate values for ∆eQq, ∆C, ∆d, and ∆δ but only a very crude estimate of the absolute values of the ground or excited-state hyperfine constants. In the present calculation, a nonlinear least-square fit of the calculated hyperfine splittings to the measured values was carried out using the ROOT analysis software of CERN [39] . In this fit, the hyperfine constants in the excited state eQq , C , d , and δ were treated as free parameters. The ground-state constant eQq was tentatively estimated using a formula describing the J dependence of eQq with v = 0 [29] . The other groundstate constants C , d , and δ were fixed to the values for v = 0 given in Ref. [40] . The choice of these fixed parameters may not be suitable for the ground state with v = 1 involved in the presently observed transitions, but it has negligible effect on the determination of the (14) differences in the constants ∆eQq, ∆C, ∆d, and ∆δ, as described above. The calculated hyperfine splittings and their differences from the observed values are listed in Tables 3, 4 , 5, and 6. In these tables, the weight ranges from 0.0 to 1.0. A weight of 0.0 corresponds to no weight in the fit. The agreement between the experimental and theoretical values is comparable to a measurement uncertainty of 1 − 2 kHz (see Sect. 3.D). The standard deviations of the fit for the four observed transitions were 1 − 2 kHz. For the P (33)16 − 1 transition (see Table 4 ), the a 9 and a 10 components were excluded from the calculation (weight = 0.0), since they are too close to each other. For the R(101)17 − 1 transition (see Table 5 ), the a 15 component was excluded due to the large difference between the observed and calculated values. We believe this component is affected by the a 3 component of the P (131)18 − 1 transition, which could not be assigned from the sub-Doppler spectrum (see Fig. 5 ). The frequency difference between these components is expected to be only ∼200 kHz, which is smaller than the spectral linewidth (∼1 MHz). The absolute frequency of the P (131)18−1 : a 3 transition was calculated from the measured absolute frequency of the P (131)18 − 1 : a 1 transition (see Table 2 ) and the calculated hyperfine splitting of the P (131)18 − 1 : a 3 transition (see Table 6 ). For the P (131)18 − 1 transition (see Table 6 ), the a 5 and a 6 components are too close to each other, and thus were excluded in the calculation (weight = 0.0). Table 7 shows the fitted hyperfine constants for the four observed transitions. The uncertainties of the electric quadrupole constant ∆eQq for the four transitions were 2 − 3 kHz. The other hyperfine constants ∆C, ∆d, and ∆δ were also deduced with high accuracy.
Discussion and conclusion
Our previous experiment determined the absolute frequency of a 578-nm SFG light source locked on the R(37)16 − 1 : a 1 transition as 518 304 551 833(2) kHz [14] . This was obtained with the same iodine cell used in the present experiment and the parameters T = −5
• C (p = 2.4 Pa), P pump = 2.1 mW, P probe = 0.21 mW, and d ∼ 1.5 mm. For these parameters, the present experimental data on the pressure and power shifts (see Figs. 8 and 9) provide the absolute frequency of that transition as 518 304 551 828 kHz. The difference between the present and previous results is 5 kHz, which is larger than the uncertainty caused by the pressure shift, the power shift, and the modulation phase adjustment as shown in Table 1 . It should be noted here that the contamination in the iodine cell does not contribute to this difference, since we used the same iodine cell for both experiments and thus the frequency shift due to the cell impurity is cancelled out. This difference implies that some unknown systematic effects shifted the frequency of the I 2 -stabilized light source. This can be related to the fact that the long-term frequency stability for τ > 70 s was limited by the flicker floor (see Sect. 3.B), and that the repeatability of the absolute frequency measurements was worse than the expected uncertainty of the investigated systematic frequency shifts (see Sect. 3.C). Taking these facts into consideration, we included the difference of 5 kHz as an uncertainty resulting from unknown systematic effects. By adding this uncertainty to the uncertainty of the investigated systematic shifts (see Table 1 ), the total uncertainty of the absolute frequency of the I 2 -stabilized light source was estimated to be 7 kHz (relatively 1.4 × 10 −11 ). Our previous studies [30] have shown that the tensor spin-spin and scalar spin-spin constants exhibit no rotation dependence within the measurement uncertainty. On the other hand, these hyperfine constants are dependent on the excited-state vibrational quantum number v [31, 41] . In the present work, we obtained ∆d and ∆δ for v = 16 − 18 (see Table 7 ), whereas in our previous paper we studied the vibrational dependence for v = 32 − 43 [31] . Figures 10 and 11 respectively, show ∆d and ∆δ as a function of v . In these figures, ∆d and ∆δ for v = 16 were obtained by calculating the weighted averages of the hyperfine constants determined from the R(37)16 − 1 and P (33)16 − 1 transitions. Vibrational dependence was observed for ∆d, but was not very clear for ∆δ. We could fit ∆d to the following formula, ∆d(v ) = 4(2) − 1.3(1)(v + 1/2) kHz.
The fitting result is shown in Fig. 10 as a solid red line. This formula could be compared with our previous formula for the excited-state constant d (v ) [31] , if the ground-state constant d for v = 1 was available. A more compact I 2 -stabilized laser system operating at 578 nm would be useful for various applications including Yb atom research (see Sect. 1). We have previously developed a compact I 2 -stabilized laser at 531 nm using a coin-sized laser module, which consists of a 1062 nm diode laser and a PPLN crystal [42] . All optical parts of the laser system were arranged on a 20 cm × 30 cm breadboard, which is much smaller than the present experimental setup. This 531-nm laser is currently being used for the interferometric measurement of gauge blocks [43] . A similar coin-sized module at 578 nm could in principle be constructed. This module would be attractive for use in the gauge block measurement, since the measurement requires several light sources emitting at different wavelengths [44] .
In conclusion, we have measured the absolute frequencies of a 578-nm light source stabilized to 81 hyperfine components utilizing the SHG of a 1156-nm ECDL and a fiber-based frequency comb. The frequency stability of the I 2 -stabilized SHG light source was 2.5 × 10 −12 at τ = 1 s, and reached 2.5 × 10 −13 at τ = 70 s. Table  2 summarizes the absolute frequencies of the a 1 component of the four observed rovibrational transitions. The absolute frequencies of the other hyperfine components are obtained by adding the absolute frequencies of the a 1 component in Table 2 to the hyperfine splittings listed   in Tables 3, 4 , 5, and 6. The relative uncertainties of the measured absolute frequencies were typically 1.4×10 −11 . Accurate hyperfine constants were deduced by fitting the hyperfine splittings to the four-term Hamiltonian. The observed transitions can provide good frequency references in the 578-nm region. In the future, we plan to extend our measurements of the hyperfine components to the other yellow lines of I 2 near 578 nm.
